Abstract. Cuntz-Krieger algebras with exactly one non-trivial closed ideal are classi ed up to stable isomorphism by the Cuntz invariant. The proof relies on R rdam's classi cation of simple Cuntz-Krieger algebras up to stable isomorphism and the author's classi cation of two-component reducible topological Markov chains up to ow equivalence.
Preliminaries
Let A 2 M n (f0; 1g) be nondegenerate (no zero rows or columns) such that no irreducible component is a permutation matrix. The Cuntz-Krieger C -algebra (CK-algebra) O A associated to A is de ned in CK] as the C -algebra generated by partial isometries s 1 ; s 2 ; ; s n , satisfying the relations 1 = s 1 s 1 + s 2 s 2 + + s n s n ;
A(i; j)s j s j :
The assumption ruling out permutation components is needed to guarantee that O A is uniquely and only if A is indecomposable (that is, ? A is not a union of two order-disconnected proper subsets) and has exactly two irreducible components. In this note, we will discuss exclusively the latter case. For A decomposable with two irreducible components, the associated algebra O A is simply the direct sum of its two simple CK-subalgebras (ideals). In this case, the classi cation of two-component CK-algebras is trivially reduced to the classi cation of simple CK-algebras which has been accomplished just recently in R], C3]. In H], we reproved the Cuntz invariant of ow equivalence using matrix techniques from symbolic dynamics and showed the following. Lemma 2.5. Let e 1 ; : : :; e n ; e n+1 ; e n+2 ; e n+3 be the standard basis for Z n+3 (column space). Since O 2 = O 2 (R rdam R] ), as was shown in the Appendix, there is a C -algebra (2-3) E = C (s 1 ; s 2 ; e) = C (t 1 ; t 2 ; t 3 ; t 4 ; e) with unit 1, where e is a one dimension projection, s i 's and t j 's are partial isometries satisfying: 1 = s 1 s 1 + s 2 s 2 ; s 1 s 1 = s 2 s 2 = 1; 1 = t 1 t 1 + t 2 t 2 + t 3 t 3 + t 4 t 4 ; t 1 t 1 = t 1 t 1 + t 2 t 2 ; t 2 t 2 = t 1 t 1 + t 2 t 2 + t 3 t 3 ; t 3 t 3 = t 2 t 2 + t 3 t 3 + t 4 t 4 ; t 4 t 4 = t 3 t 3 + t 4 t 4 ; (2-4) and es 1 = s 1 e = e; et 1 = t 1 e = e.
Suppose the sizes of A 1 and A 2 are n and m, respectively. Let A be the algebra C C E, with n + m copies of C , and denote by f 1 ; ; f n and g 1 ; ; g m the one dimension projections onto each of these n + m copies. Represent A on a Hilbert space H such that every non-zero projection in A becomes in nite on H. Then nd partial isometries x 1 ; ; x n+1 on H satisfying
X(i; j)g j ;
for i = 1; : : :n and x n+1 x n+1 = e; x n+1 x n+1 = s 2 s 2 + f 1 + + f n :
Let x n+2 = s 1 (1 ? e) and x n+3 = s 2 . Then nd partial isometriesx 1 ; ;x m on H satisfyinĝ
A 2 (i; j)g j ;
for i = 1; : : :; m. Let x n+3+i =x i , i = 1; : : :; m. Then it is easy to check as in R] that the C -algebra B 1 generated by x 1 ; ; x n+m+3 contains A and is isomorphic to O A .
Next, nd partial isometries u 1 ; ; u n+1 in A so that u i u i = x i x i ; and
X(i; j)g j ; (i = 1; : : :n) u n+1 u n+1 = t 2 t 2 + f 1 + + f n :
Such u i 's exist because s 2 s 2 is equivalent to t 2 t 2 in E due to (2-3) and (2-4). Set y i = x i u i (hence x i = y i u i ) for i = 1; : : :; n + 1, y n+2 = t 1 (1 ? e); y n+3 = t 2 ; y n+4 = t 3 , y n+5 = t 4 and y n+5+i =x i ; i = 1; : : :; m. Again, we can check that the C -algebra B 2 generated by Remark 2.7. In the proof of Theorem 2.6, we actually have encountered a CK-subalgebra de ned by a degenerate f0; 1g-matrix, since A 1 and A 2 are generally essentially irreducible.
Being merely essentially irreducible, A 1 and A 2 may not be uniquely de ned to make A a 2 2 block upper-triangular matrix. In C2], A 1 is chosen to be irreducible, while A 2 generally have zero columns and is called the saturation of its irreducible core matrix. However, given a matrix A with its maximal nondegenerate principal submatrix A core , one can see that O A = O Acore and K 0 (O A ) = K 0 (O Acore ) canonically. Also as was shown in H], the Cuntz invariant is independent of possible choices of A 1 and A 2 for a 2 2 block upper-triangular matrix A. In fact, in order to compute Cuntz invariant, we can change all essentially irreducible diagonal block matrices into their irreducible cores by ow equivalence (but then the resulting matrix might be over Z + in stead of over f0; 1g, see H]). We have seen that Cuntz invariant is a perfect stable isomorphism invariant for two-component CK-algebras. However, it is still not clear how one could classify these algebras up to unital isomorphism.
The Cuntz invariant is rather computable. In some special cases, the invariant has an even simpler equivalent version. Here is an example, where all the CK-algebras associated to diagonal block matrices of A are stably isomorphic to the Cuntz algebra O n (n 2). Corollary 2.8. Let For the second part of the corollary, it su ces to show that A FE A 0 . Using the inverse operation of state splitting for topological Markov chains (see F], where a state splitting is given explicitly by a splitting of the i-th row (column) and a replicating of the i-th column (row) of the adjacency matrix. Also cf. Bo]), we can see that A is strongly shift equivalent to n l 0 m , and A 0 is strongly shift equivalent to n 0 l 0 0 m 0 . Note that strong shift equivalence implies ow equivalence and that the Cuntz invariants are preserved during these moves of ow equivalence. The rest then again follows from Proposition 3.7 of H].
